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Abstract
A whist tournament Wh(v) is said to have the three-person property if any two games in the
tournament do not have three common players. We denote such a design as 3PWh(v). In this
paper, we show that the necessary conditions for the existence of 3PWh(v) are also sucient
whenever v> 472. We also show that there are at most 38 possible exceptions below this bound.
? 2000 Elsevier Science B.V. All rights reserved.
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1. Introduction
A whist tournament Wh(v) for v=4n (or 4n+1) is a schedule of games (a; b; c; d)
where the unordered pairs fa; cg; fb; dg are called partners, the pairs fa; bg; fc; dg; fa; dg;
fb; cg are called opponents, such that
(1) the games are arranged into 4n− 1(or 4n+ 1) rounds, each of n games;
(2) each player plays in exactly one game in each round (or all rounds but one);
(3) each player partners every other player exactly once;
(4) each player opposes every other player exactly twice.
The whist tournament problem was introduced by Moore [16]. Its existence attracted
a lot of researchers such as Wilson, Baker, Hartman and others. A complete solution
is given in [2,4]. A whist tournament is said to have three-person property, denoted
by 3PWh(v) as in [9], if any two games do not have three common players. It was
Hartman who rst discussed this property in [14]. If we regard games in a 3PWh(v)
as blocks, we obtain a super-simple (v; 4; 3)-BIBD. This kind of design was introduced
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and studied by Gronau and Mullin [13] and also studied by Chen kejun [7]. From [7],
we get the necessary conditions for the existence of 3PWh(v).
Lemma 1.1. A 3PWh(v) exists only if v  0; 1 (mod 4) and v>8.
For the existence of 3PWh(v), Finizio [9,10,12] obtained several innite classes
and some examples. In [3], Anderson and Finizio gave an asymptotic result. Recently
Finizio [11] has gotten a 3PWh(45). We restate their partial results as follows, where
for brevity only small examples are listed.
Lemma 1.2. (1) A 3PWh(v) exists if v2f8; 16; 20; 24; 28; 32; 36; 40; 44; 48; 60g[f9; 13;
17; 21; 25; 29; 33; 37; 45g: (2) There exists a 3PWh(v) for any suciently large v 
1 (mod 4):
In this paper, we introduce a new kind of design named 3PWh-frame and present
some recursive constructions such as weighting, ination, and lling in holes. A con-
struction of 3PWh-frames from HSOLSSOMs is also established. We show that the
necessary conditions for the existence of 3PWh(v) are also sucient whenever v> 472.
We also show that there are at most 38 possible exceptions below this bound.
2. 3PWh-frames and direct construction
Suppose S is a set of players and H = fS1; S2; : : : ; Sng is a set of subsets which
form a partition of S. Let si = jSij and s = jSj. A holey round with hole Si is a set
of games (a; b; c; d) which partition the set S n Si. A whist tournament frame with
three-person property (briey 3PWh-frame) of type fs1; s2; : : : ; sng is a schedule of
games (a; b; c; d), where the unordered pairs fa; cg; fb; dg are called partners, pairs
fa; bg; fc; dg; fa; dg; fb; cg are called opponents, such that
(1) the games are arranged into si holey rounds with hole Si, each containing
(s− si)=4 games,
(2) each player in hole Si plays in exactly one game in each of s− si holey rounds,
(3) each player partners every other player in distinct holes exactly once,
(4) each player opposes every other player in distinct holes exactly twice,
(5) any two games have at most two players in common.
Furthermore we call fa; bg; fc; dg opponents of the rst kind, fa; dg; fb; cg op-
ponents of the second kind. For a 3PWh-frame of type fs1; s2; : : : ; sng, we call it a
triplewhist tournament frame of the same type, briey 3PTWh-frame, if condition 4
is substituted by
(40) each player opposes every other player in distinct holes exactly once as an
opponent of the rst kind and exactly once as an opponent of the second kind.
We shall use an \exponential" notation to describe types: so type tu11    tumm denotes ui
occurrences of ti; 16 i6m, in the multiset fs1; s2; : : : ; sng. It is clear that the concept
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of a 3PWh-frame is a generalization of a 3PWh(v) since for v  1 (mod 4) a 3PWh(v)
is exactly a 3PWh-frame(1v).
With the help of a computer, we found 3PWh-frame(1125) using dierence tech-
niques. In order to check its three-person property, we introduce some sets T (a; b) and
C(a; b) as follows.
In an abelian group G, Let T (a; b) = ffg; g + a; g + bg: g2Gg: So fa; bg is called
a generator of T (a; b). It is clear that T (a; b) = T (−a; b− a) = T (−b; a− b). Let
C(a; b) = ffa; bg; f−a; b− ag; f−b; a− bgg
be a set of generators of T (a; b). Note that C(a; b) may have repeated pairs.
Lemma 2.1. If T (a; b) \ T (c; d) 6= ;; then fc; dg2C(a; b).
Proof. Since T (a; b)\T (c; d) 6= ;, there exists g2G such that fg; g+a; g+bg=f0; c; dg.
If g= 0, then fc; dg= fa; bg. If g= c, then fa+ c; c + bg= f0; dg which means that
fc; dg= f−a; b− ag or f−b; a− bg. Similarly, fc; dg= f−a; b− ag or f−b; a− bg if
g= d.
Immediately we have
Lemma 2.2. If some C(a; b)s are pairwise disjoint and each has no repeated pair;
then all T (a; b)s have no common 3-subset.
This lemma gives us a way to check the three-person property for a 3PWh-frame
generated from an initial holey round. One only need consider all 3-subsets from each
game of the initial holey round and then computes all the corresponding C(a; b). Thus
the lemma can be used to verify the three-person property.
Lemma 2.3. There exists a 3PWh-frame(1125) or 3PWh(125).
Proof. Let S = GF(53). Take f(x) = x3 + 3x + 2 to be a primitive polynomial over
GF(5) and w = x119 to be a primitive root in GF(53). All the holey rounds will be
generated under (GF(53);+) from the following initial holey round with hole f0g:
(1; w; w2; w3) fw0; w4; : : : ; w120g:
We consider the sets of generators. They are pairwise disjoint and listed as follows.
f1; w; w2g  w4k : ffw29; w51g; fw91; w30g; fw113; w92gg  w4k ;
f1; w; w3g  w4k : ffw29; w117g; fw91; w52g; fw55; w114gg  w4k ;
f1; w2; w3g  w4k : ffw51; w117g; fw113; w31g; fw55; w93gg  w4k ;
fw; w2; w3g  w4k : ffw30; w52g; fw92; w31g; fw114; w93gg  w4k ;
where k = 0; 1; 2; : : : ; 30.
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A known TWh-frame(46) is shown in [15]. Using Lemma 2.2, it is readily checked
to have the three-person property.
Lemma 2.4. There exists a 3PTWh-frame(46):
Baker constructed TWh(4n)s from certain SOLSSOM (n)s in [4]. Next we give an
analogous construction in the following.
Theorem 2.5. If there exists an HSOLSSOM(hn); then there exists a 3PTWh-frame
((4h)n).
Proof. Suppose A=(aij); AT =(aji); B=BT =(bij) are holey orthogonal Latin squares
which are based on X = f1; 2; : : : ; hng and holes H1; H2; : : : ; Hn, where jX j = hn and
jHij = h (16 i6 n). The desired 3PTWh-frame is based on S = X  f1; 2; 3; 4g and
holes Si = Hi  f1; 2; 3; 4g.
Let t 2Hk for any k. Take fi; jg such that bij = t and i< j. Let T = ffi; jg: bij = t
and i< jg. We have
[
fi; jg2T
fi; jg=
[
fi; jg2T
faij; ajig= X n Hk:
Construct the games and holey rounds with hole Sk of the desired design as follows:
Type I holey round t1 ((i; 1); (j; 1); (aij; 3); (aji; 3));
((i; 2); (j; 2); (aij; 4); (aji; 4));
Type II holey round t2 ((i; 1); (aij; 4); (aji; 4); (j; 1));
((i; 2); (aij; 3); (aji; 3); (j; 2));
Type III holey round t3 ((i; 1); (aij; 2); (j; 1); (aji; 2));
((i; 3); (aij; 4); (j; 3); (aji; 4));
Type IV holey round t4 ((i; 1); (aij; 3); (j; 2); (aji; 4));
((j; 1); (aji; 3); (i; 2); (aij; 4));
where all fi; jg2T . For a given t, since jT j=h(n−1)=2, we obtain 4h2n(n−1) games
when t runs over X .
We will show that all these games and holey rounds form a 3PTWh-frame((4h)n).
What we need to show is that Conditions (1); (2); (3); (40); (5) of the denition of
3PTWh-frame are satised.
When t runs over Hk , we obtain 4h holey rounds with hole Sk each of h(n − 1)
games. Thus Condition (1) is satised.
It is easy to see that every holey round ti (16 i6 4) partitions SnSk . Thus Condition
(2) is satised.
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Suppose x2Hi; y2Hj; x<y and i 6= j. Let
P = ff(x; l); (y; k)g j l= 1; 2; 3; 4; k = 1; 2; 3; 4g:
Next we will show that each pair in P must appear at least once as partners.
Let t = bxy, then f(x; 1); (y; 1)g and f(x; 3); (y; 3)g appear in holey round t3. f(x; 1);
(y; 2)g and f(x; 2); (y; 1)g appear in t4.
Find u2X such that axu = y. Let t = bxu = bux. Then f(x; 1); (y; 3)g appears in one
of the following two games of holey round t1:
((x; 1); (u; 1); (axu; 3); (aux; 3)) = ((x; 1); (u; 1); (y; 3); (aux; 3))
or
((u; 1); (x; 1); (aux; 3); (axu; 3)) = ((u; 1); (x; 1); (aux; 3); (y; 3)):
In a similar way, f(x; 2); (y; 4)g appears in holey round t1.
Find u2X such that aux = y. Let t = bxu = bux. Then f(x; 1); (y; 4)g appears in one
of the following two games of holey round t2:
((x; 1); (axu; 4); (aux; 4); (u; 1)) = ((x; 1); (axu; 4); (y; 4); (u; 1))
or
((u; 1); (aux; 4); (axu; 4); (x; 1)) = ((u; 1); (y; 4); (axu; 4); (x; 1)):
The conclusion also holds for f(x; 2); (y; 3)g.
Find u2X such that ayu = x. Let t = byu = buy. Then f(y; 1); (x; 3)g appears in one
of the following two games of holey round t1:
((y; 1); (u; 1); (ayu; 3); (auy; 3)) = ((y; 1); (u; 1); (x; 3); (auy; 1))
or
((u; 1); (y; 1); (auy; 3); (ayu; 3)) = ((u; 1); (y; 1); (auy; 3); (x; 3)):
Similarly, f(y; 2); (x; 4)g appears at least once.
Find u2X such that auy = x. Let t = byu = buy. Then f(y; 1); (x; 4)g appears in one
of the following two games of holey round t2:
((y; 1); (ayu; 4); (auy; 4); (u; 1)) = ((y; 1); (ayu; 4); (x; 4); (u; 1))
or
((u; 1); (auy; 4); (ayu; 4); (y; 1)) = ((u; 1); (x; 4); (ayu; 4); (y; 1)):
The conclusion holds for f(y; 2); (x; 3)g.
Find u; v2X such that u<v; fauv; avug = fx; yg. Let t = buv. Then f(x; 2); (y; 2)g
and f(x; 4); (y; 4)g appear in holey round t3; f(x; 3); (y; 4)g and f(x; 4); (y; 3)g appear
in holey round t4.
From the above discussion we know that each player partners every other player in
distinct holes at least once. Now computing the number of games and the number of
partners, we know that each player partners every other player in distinct holes exactly
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once. Hence Condition (3) is satised. Similar discussion shows that Condition (40) is
also satised.
Finally we show that this design has the three-person property. Suppose it is not so,
i.e. there exist 2 games having 3 players in common. From the second coordinates in
the construction, we see that these 2 games must be in rounds of the same type. Then
one of the following cases must happen:
(1) 2 of these 3 players appear as partners at least twice,
(2) 2 of these 3 players appear as opponents of the rst kind at least twice,
(3) 2 of these 3 players appear as opponents of the second kind at least twice,
This contradicts the above discussion.
The proof of the theorem is thus completed.
The existence of HSOLSSOM(hn) has been solved with 11 possible exceptions by
the eorts of F.E. Bennett, S.P. Wang, L. Zhu and others. We restate the result as
follows.
Lemma 2.6 (Abel et al. [1], Bennett et al. [5]). A HSOLSSOM(hn) exists only if
n>5; where n must be odd when h is odd. These necessary conditions are also
sucient except possibly when
(1) h= 3 and n= 19; 23; 27;
(2) h= 6 and n= 7; 12; 18; 19; 22; 23; 24; 27:
Combining Lemma 2:5 with the above lemma, we have
Corollary 2.7. (1) A 3PWh-frame(20n) exists if n>5 is odd. (2) A 3PWh-frame(4n)
exists if n= 5; 7. (3) A 3PWh-frame(hn) exists for the following pairs:
(I) h= 8 and 56 n6 18;
(II) h= 12 and n= 5; 7; 9; 11;
(III) h= 20 and n= 5; 7.
In the following section, we develop some recursive constructions such as weighting,
ination, lling in holes and direct product.
3. Recursive constructions
A group divisible design (GDD) is a triple (X;G;B) which satises the following
properties:
(1) G is a partition of a set X into subsets called groups,
(2) B is a set of subsets of X (called blocks) such that a group and a block contain
at most one common point,
(3) every pair of points from distinct groups occurs in a unique block.
The group type or type of the GDD is the multiset fjGj: G 2Gg. A GDD (X;G;B)
will be referred to as a K −GDD if jBj 2K for every block B in B. For B1B and
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any x2X , if x appears in exactly one block of B1, we call B1 a parallel class of the
GDD. If B can be partitioned into disjoint parallel classes, we call the GDD resolvable,
and denote it by RGDD of the same type. A TD (k; n) is a GDD of group type nk and
block size k. If the GDD is resolvable, then the TD is also resolvable and denoted by
RTD (k; n). We use [6] as our standard design theory reference.
We can apply Wilson’s fundamental construction about GDDs [17] to obtain a similar
construction for 3PWh-frames.
Construction 3.1. (Weighting). Suppose (X;G;B) is a GDD and let ! : X ! Z+ [
f0g: Suppose there exists a 3PWh-frame of type f!(x): x2Bg for every B2B. Then
there exists a 3PWh-frame of type fPx2G !(x): G 2Gg.
Proof. Let Sx; x2X , be disjoint sets such that jSxj = !(x). For Y X , denote SY =S
x2Y S(x). The desired 3PWh-frame has SX as the set of players and SG as holes,
G 2G. For any block B2B, there exists a 3PWh-frame of type f!(x): x2Bg based
on the player set SB with holes Sx; x2B. Collecting all these games, we get the
games of the desired 3PWh-frame. For any point x2GX , let Bx denote all blocks
which contain x. For any blocks B2Bx, there are !(x) holey rounds with hole Sx.
We combine all these holey rounds while B runs over Bx and obtain !(x) holey
rounds with hole SG. So we get
P
x2G !(x) holey rounds with hole SG. It is a routine
matter to check that the games and the rounds form the desired 3PWh-frame of type
fPx2G !(x): G 2Gg.
The following construction is simple but very useful.
Construction 3.2. (Ination by TDs). Suppose there exists a 3PWh-frame of type
t1t2    tn; and suppose there exists an RTD (4; m). Then there exists a 3PWh-frame of
type
Q
16i6n(mti).
Next we introduce a concept about subdesigns related to 3PWhs.
Suppose a 3PWh(u) is based on X and its rounds are A1; A2; : : : ; Ar . Let Y X and
3PWh(v) is based in Y , where its rounds are B1; B2; : : : ; Bt . If BiAi; 16 i6 t, then
we say that the rst design contains the second as a subdesign, which is denoted by
3PWh(u; v). Two constructions analogous to theorems in [2] are presented to get such
designs.
Construction 3.3. Suppose there exists an RTD (4; n) for n  1 (mod 4). If there exists
a 3PWh(n) and 3PWh(k) for k  0 (mod 4); then there exists a 3PWh(kn; k).
Proof. Let X; Y be the set of players of the given 3PWh(k) and 3PWh(n) respec-
tively. The desired 3PWh(kn; n) is based on S = X  Y . Let Ri; 16 i6 k − 1; be
all the rounds of 3PWh(k). For a game g = (x; y; u; v)2Ri (16 i6 k − 1), there
exists an RTD (4; n) based on fx; y; u; vg  Y . Denote the n parallel classes of this
RTD (4; n) by Pgj (16 j6 n). Rearrange the elements of these blocks and obtain
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games with the form: ((x; ); (y; ); (u; ); (v; )). Without loss of generality, we suppose
Pg1 = f((x; ); (y; ); (u; ); (v; )): 2Yg. When (i; j) 6= (k − 1; 1), let
Rji =
[
g2Ri;
Pgj :
For any 2Y and any x2X , there exists a round Rx of 3PWh(n) based on fxg  Y ,
here (x; ) does not appear in this round. Let
R =
[
x2X
Rx
and furthermore
Rk−1 =
0
@ [
(x; y; u; v)2Rk−1
f((x; ); (y; ); (u; ); (v; ))g
1
A [ R:
Thus Rji and R
a
k−1 form kn− 1 rounds based on S.
It is readily veried that all the above rounds and the games in them produce a
3PWh(kn). Furthermore, from the above construction there exists a 3PWh(k) based on
X  fg for a certain 2Y . So we get a 3PWh(kn; k).
Construction 3.4. Suppose there exists an RTD (4; n). If there exists a 3PWh(n) and
a 3PWh(k) where n; k  0 (mod 4); then there exists a 3PWh(kn; n).
Proof. Let X; Y be the set of players of the given 3PWh(k) and 3PWh(n) respec-
tively. The desired 3PWh(kn; n) is based on S = X  Y . Let Ri; 16 i6 k − 1; be all
rounds of 3PWh(k). For a game g = (x; y; u; v)2Ri (16 i6 k − 1), there exists an
RTD (4; n) based on fx; y; u; vg Y . Denote the n parallel classes of this RTD (4; n) by
Pgj (16 j6 n). Rearrange the elements of these blocks and obtain games with form:
((x; ); (y; ); (u; ); (v; )). Let
Rji =
[
g2Ri;
Pgj :
For any x2X , there exists n − 1 rounds Rhx (16 h6 n − 1) of a 3PWh(k) based on
fxg Y . Let Rh=Sx2X Rhx : Thus Rji together with Rh form kn− 1 rounds based on S.
It is readily checked that all of the above rounds and the games in them form a
3PWh(kn). Furthermore, it is easy to see that there exists a 3PWh(n) based on fxgY
for a certain x2X . A 3PWh(kn; n) is obtained.
The following construction is about lling in holes.
Construction 3.5. (Filling in holes). Suppose there exists a 3PWh-frame of type
t1t2    tn. If there exists a 3PWh(ti + !;!) (or != 1) for 26 i6 n and a 3PWh(t1
+ !); then there exists a 3PWh(u) where u= !+
P
16i6n ti:
From the above constructions and Corollary 2.7(1), we get an innite class of
3PWh(v) which play a key role in Section 4.
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Corollary 3.6. For any v>101 and v  21 (mod 40); there exists a 3PWh(v).
Proof. Let n=(v−1)=20, then n is odd and n>5. From Corollary 2.7(1), a 3PWh-frame
(20n) exists. A 3PWh(21) comes from Lemma 1.2. Using it as the input design in the
above construction and taking != 1, we get a 3PWh(v).
The following lemma comes from Corollary 2.7(2), Constructions 3:1 and 3:5:
Lemma 3.7. Suppose there exists a TD (5+h; m) for some h; 16 h6 2. Suppose there
exists a 3PWh(4m1 + !) and a 3PWh(4m+ !;!) (or != 1); where 06m16m. If
h=2; we further suppose there exists a 3PWh(4m2 +!;!); where 06m26m. Then
there exists a 3PWh(v); v= 20m+ !+
P
16i6h 4mi.
Proof. For the rst h groups of the given TD (5 + h; m), give weight 4 to mi points
and weight zero to other points in the ith group, 16 i6 h. Give weight 4 to the
remaining points of the TD. Apply Construction 3:1 and use 3PWh-frame(45+i) for
06 i6 h as input designs to get 3PWh-frame ((4m)5(4m1)1    (4mh)1); where the
input 3PWh-frames come from Lemma 2.3 and Corollary 2.7(2). Add ! points to
each group. By lling in holes, we get a 3PWh(v).
To apply the above lemmas and constructions, we need the following known results.
Lemma 3.8 (Colbourn and Dinitz [8]). (1) There exists a TD (5; m) or equivalently
an RTD (4; m) if m>4 and m 62 f6; 10g. (2) There exists a TD (6; m) if m>5 and
m 62 f6; 10; 14; 18; 22g. (3) There exists a TD (7; m) if m>7 and m 62 f10; 14; 15; 18; 20;
22; 26; 30; 34; 38; 39; 46; 54; 60; 62g.
4. The case v  1 (mod 4)
In this section we will establish the existence of 3PWh(v); v  1 (mod 4) with four
possible exceptions.
Lemma 4.1. For v  1 (mod 4) and 96 v6 145; a 3PWh(v) exists if v 62 f69; 77; 93g.
Proof. From Lemma 1.2, a 3PWh(v) exists for 96 v6 37. A 3PWh(125) exists from
Lemma 2.4. Corollary 2.7(3) gives the following 3PWh-frame(hn):
(1) h= 8 and 56 n6 18,
(2) h= 12 and n= 5; 7; 9; 11;
(3) h= 20 and n= 5; 7.
Apply Construction 3:5 with !=1. The input design 3PWh(h+1) is from Lemma 1.2.
We have a 3PWh(v) for 416 v6 145 and v 6= 45; 53; 69; 77; 93; 117. 3PWh(53) and
3PWh(117) are known from [9]. From Lemma 1.1, a 3PWh(45) exists. Thus the proof
is completed.
Lemma 4.2. For v  1 (mod 4) and 1496 v6 329; there exists a 3PWh(v).
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Proof. For m = 7; 9, there exists a TD (7; m) from Lemma 3.8. Let 26m26m or
m2 =0. Apply Lemma 3.7 with !=1; h=2 and 26m16m. The input designs come
from Lemma 1.2. Thus 3PWh(v) exists for 20m+ 96 v6 28m+ 1.
Start from a TD (7; 12) which comes from Lemma 3.8. Apply Lemma 3.7 with
!=1; h=2; 26m16 10; 06m26 12. The input designs are available from Lemmas
1.2 and 4.1. Thus a 3PWh(v) is obtained for 2496 v6 329. The conclusion follows
since the intervals overlap.
Lemma 4.3. For v  1 (mod 4) and 3336 v6 1649; there exists a 3PWh(v).
Proof. Let E = f1; 17; 19; 23g and m2f16; 21; 25; 29; 33; 41; 50; 61; 67g. A TD (7; m)
exists from Lemma 3.8. Apply Lemma 3.7 with !=1; h=2; 26m16 10; 06m26m
and m2 62E. The input designs are guaranteed by Lemmas 4.1 and 4.2. Thus we obtain
a 3PWh(v) for 20m+96 v6 24m+41. The conclusion follows from the fact that the
intervals overlap.
Lemma 4.4. For v>1653; there exists a 3PWh(v).
Proof. For any given v, we can write v = 100t + 4m + 1 such that t odd >15 and
976 4m+ 16 297. Since a TD (6; 5t) exists from Lemma 3.8, we can apply Lemma
3.7 with ! = 1 and h = 1. The input 3PWh(20t + 1) comes from Corollary 3.6 and
3PWh(4m+ 1) from Lemmas 4.1{4.3. So a 3PWh(v) exists.
Summarizing the results of this section, we have
Lemma 4.5. For v  1 (mod 4) and v>9; there exists a 3PWh(v) except possibly for
v= 69; 77; 93.
5. The case v  0 (mod 4)
In this section, we show that the necessary conditions for the existence of 3PWh(v)
is also sucient with 35 possible exceptions. We start from several innite classes
which play an important role in this section. Let
T = f1; 17; 19; 23g
and
E = f12; 52; 56; 68; 76; 80; 84; 88; 96; 100; 108; 112; 116; 124; 132; 140; 152; 156; 164;
184; 188; 212; 220; 228; 236; 240; 268; 276; 284; 292; 304; 308; 332; 388; 472g:
Lemma 5.1. Let t 62T and n2f8; 16; 20; 24; 28; 32; 36g. Then there exists a 3PWh(v; n)
for v= 4(n− 1)t + n and v= 4nt + n.
Y. Lu, Z. Shengyuan /Discrete Applied Mathematics 101 (2000) 207{219 217
Table 1
m a b Interval
16 0 0 3366 v6 368
16 2 2 3926 v6 432
21 0 0 4366 v6 468
21 26 a6 3 2 4926 v6 552
24 26 a6 3 26 b6 3 5526 v6 624
28 26 a6 3 26 b6 3 6326 v6 720
32 26 a6 4 26 b6 4 7126 v6 816
35 26 a6 5 26 b6 4 7726 v6 888
40 26 a6 5 26 b6 5 8726 v6 1008
42 26 a6 6 26 b6 5 9126 v6 1056
48 26 a6 6 26 b6 6 10326 v6 1200
Proof. From Lemma 4.1{4:3, a 3PWh(4t+1) or 3PWh-frame(14t+1) exists. There exist
an RTD (4; n − 1) from Lemma 3.8. Using Construction 3:2, we get a 3PWh-frame
((n − 1)4t+1). Add one point to each group and ll in holes with a 3PWh(n). A
3PWh(v; n) exists for v= 4(n− 1)t + n.
Start with a 3PWh(4t + 1) and a 3PWh(n). We apply Construction 3:3 to get a
3PWh(4nt + n; n), where the required RTD (4; n) comes from Lemma 3.8.
Corollary 5.2. For t 62T; there exists a 3PWh(v; 8) for v= 28t + 8 and v= 32t + 8.
Lemma 5.3. For any v  0 (mod 4) and 86 v6 1200; v 62E; there exists a 3PWh(v).
Proof. Let m2f16; 21; 24; 28; 32; 35; 40; 42; 48g. From Lemma 3.8, a TD (7; m) exists.
Let 26m16 10 and m2 = 7a or 8b. We can choose a; b 62T such that m26m and
a 3PWh(4m2 + 8; 8) exists from Corollary 5.2. Apply Lemma 3.7 with h = 2 and
!=8, where the input designs are available from Lemma 1.2 and Corollary 5.2. Then
a 3PWh(v) exists for 20m+ 4m2 + 166 v6 20m+ 4m2 + 48. The intervals are listed
with suitable a; b as in Table 1. From the fourth line on, each interval is a combination
of some intervals corresponding to the values of a; b.
Combining the above result with Lemma 5.1 and Corollary 5.2, we need to consider
v2f128; 160; 192; 224; 320; 384; 480; 380g.
Let m; n2f8; 16; 20; 24; 28g. From Lemma 3.8, there exists an RTD (4; n). Using
Construction 3:4, we get a 3PWh(mn). This takes care of the rst seven cases.
For v = 380, we start from a TD (7; 16) which exists from Lemma 3.8. Apply
Lemma 3.7 with h= 2; m1 = 13; m2 = 0 and != 8. The required input designs come
from Lemma 1.2 and Corollary 5.2. So there exists a 3PWh(380).
Lemma 5.4. For any v  0 (mod 4) and 12046 v6 3872; there exists a 3PWh(v).
Proof. Let t 62 f1; 17; 19; 23g and 76 t6 26. Take m= 7t (or 8t). From Lemma 3.8,
there exists a TD (7; m). Let 26m26 7; 26 a6 7 and 26 b6 6. Apply Lemma 3.7
with h= 2 and m1 = 7a; 8b, where the input designs are available from Corollary 5.2.
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Table 2
t m Interval
76 t6 11 8t 11926 v6 1992
126 t6 16 7t 17526 v6 2472
126 t6 16 8t 19926 v6 2792
206 t6 22 7t 28726 v6 3312
206 t6 22 8t 32726 v6 3752
t = 26 7t 37126 v6 3872
Therefore a 3PWh(v) exists for 140t+28a+166 v6 140t+28a+36 and 140t+32b
+ 166 v6 140t + 32b + 36. Note that these intervals overlap. We get a 3PWh(v)
for 140t + 726 v6 140t + 232 (or 160t + 726 v6 160t + 232). The intervals are
presented in Table 2.
Since these intervals overlap, the proof is completed.
Lemma 5.5. For any v  0 (mod 4) and v>3876; there exists a 3PWh(v).
Proof. For any given v, we write v = 140t + 4m1 + 8 where t>24 and 4766 4m1
+ 86 616. There exists a TD (6; 7t) from Lemma 3.8. Apply Lemma 3.7 with h = 1
and ! = 8. The required input designs are guaranteed by Lemmas 5:1{5:4. Thus we
get a 3PWh(v).
Summarizing the results of this section, we have
Lemma 5.6. For v  0 (mod 4) and v>8; v 62E; there exists a 3PWh(v).
Combining Lemmas 1.1, 4.5 and 5.6, we obtain the main result of this paper.
Theorem 5.7. The necessary conditions for the existence of a 3PWh(v); i.e. v 
0; 1 (mod 4) and v>8; are also sucient with the 38 possible exceptions in f69; 77; 93g
[ E; where 472 is the largest.
Remark. In all the possible exceptions, the rst open case is v = 12. It is a natural
idea to check the existence of a 3PWh(12) completely by computer. Unfortunately we
failed to do that.
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